This paper presents a method to estimate the 3D object position and occupancy given a set of object detections in multiple images and calibrated cameras. This problem is modelled as the estimation of a set of quadrics given 2D conics fit to the object bounding boxes. Although a closed form solution has been recently proposed, the resulting quadrics can be inaccurate or even be non valid ellipsoids in presence of noisy and inaccurate detections. This effect is especially important in case of small baselines, resulting in dramatic failures. To cope with this problem, we propose a set of linear constraints by matching the centres of the reprojected quadrics with the centres of the observed conics. These constraints can be solved with a linear system thus providing a more computationally efficient solution with respect to a non-linear alternative. Experiments on real data show that the proposed approach improves significantly the accuracy and the validity of the ellipsoids.
INTRODUCTION
In this paper, we are interested in the 3D localisation of objects in a generic scene. More concretely, we aim at representing the 3D occupancy of each object as an ellipsoid. Such simple representation can be useful for higher level semantic such as 3D-aware scene understanding [1, 2, 3] , visual question and answering [4] and robot object manipulation [5, 6] .
Recent advances [8] on the localization of objects in the image plane has shown considerable robustness with respect to view point, illumination and occlusion for thousands of object categories. Lifting such reasoning into 3D brings the supplementary challenge of creating a system which understands geometrical arrangements of objects in 3D. Recent approaches such as [9] explored end-to-end supervised learning to solve this problem. In practice however, it is still interesting to benefit from 2D detection systems since it is easier to create large datasets to train them. The creation of a pose dataset scaling with thousand of categories and dealing with outdoor Fig. 1 . Given a set of object detections in multiple views (top row) and the corresponding calibrated cameras, our aim is to estimate 3D object position and occupancy as a set of ellipsoids (bottom row). The bottom row shows the ellipsoids for the GT (green), the LfD method [7] (in red, bottom left), and the proposed LfTC (in blue bottom right). The red (resp. blue) ellipses displayed on the frames are the reprojections of the LfD (resp. LfDC) quadrics. The reprojections of the quadric centres are also shown as red crosses for LfD and blue triangles for LfDC. The two different cameras correspond to the poses for the two images.
scenarios would be more costly. Several attempts tried to include the geometrical reasoning explicitly in the 2D object detection framework [10, 11, 12, 13] . This idea has led to different approaches with the inclusion of objects into classical geometrical pipelines such as Bundle Adjustement [11] and Simultaneous Localisation and Mapping [10] .
Interestingly, the recent Localisation from Detection [7] (LfD) method uses a set of object detections in an image sequence and calibrated cameras to recover each object occupancy as an ellipsoid. Fig. 1 shows an example of such result where the localisation of objects in 3D can be instantiated as a conic optimisation problem. One advantage is that the linearisation in the dual space provides a fast and closed-form solution. However, there is no explicit constraint to enforce the quadric to be valid ellipsoids. As a consequence, low baselines and inaccurate bounding boxes might result in degenerate quadrics.
To tackle these issues, we propose the Localisation from Detections with constraints (LfDC) which consists in including a set of new constraints in the dual linear problem. These equations enforce the centres of the ellipsoids to be projected on the centres of their corresponding ellipses. We found in real-data experiments that this enables to avoid a significant amount of invalid quadrics. Moreover, even when the original LfD method obtains valid ellipsoids, LfDC is also able to obtain more accurate solutions. Overall, our method is more robust to noise and small baseline with small additional computational cost.
RELATED WORK
Detecting objects in a general 3D scenario has witnessed interest and a significant amount of research. Solving this problem from multiple images makes sense with respect to RGBD-based solutions as the latter might suffer from incomplete point cloud or be difficult to obtain, for instance, in the case of outdoor scenes.
As this being a difficult task, many approaches are based on using prior over the shape of the object either from a CAD model [14] or learned from training data [12, 15, 16] . On the other hand, recent solutions [13, 17, 7] rely only on the output of a 2D object detector. Although the resulting 3D model is coarser, they are appealing since they do not require accurate knowledge on the object shape. For instance, the work of [13] regress the 3D bounding boxes using a sampling mechanism over a geometrical loss. More related to our approach, recent works used a geometric solution without any learning by defining a quadric reconstruction problem from multiple conics in 2D. Methods have been developed for the affine [17] and perspective camera case [7] . In [7] , the problem is linearised in the dual space and thus efficiently solved. As said previously, one drawback is that the quadrics are not constrained to be valid ellipsoids. To circumvent this issue, previous works propose to solve this problem by optimizing directly on the ellipsoid parameters namely, translation, orientation and axes lengths. However, this requires the use of non-linear optimisation and a set of constraints on the ellipsoid axis in order to obtain accurate results. In [7] , these constraints are defined a priori for each object class which restricts the pratical applicability of the method. In [18] , a training dataset is used to build a probabilistic object prior.
In contrast, our LFDC solution improves the resulting quadrics without using prior knowledge about the objects while still keeping a fast closed-form solution.
METHOD
Let us consider a set of image frames f = 1 . . . F representing a 3D scene under different viewpoints. A set of i = 1 . . . N rigid objects is placed in arbitrary positions. We assume that each object is detected in at least 3 images. Each object i in each image frame f is identified by a conicĈ if which is the ellipse inscribed in the bounding box. The aim of our problem is to find the 3D ellipsoids Q i whose projections onto the image planes best fit the measured 2D ellipseŝ C if . The relationship between Q i and their reprojected conics C if is defined by the 3 × 4 perspective camera matrices P f which are assumed to be known (i.e. the camera is calibrated).
Review of LfD
The LfD method solves the problem in the dual space where it can be linearised. The dual quadric is defined by the matrix Q * i = adj(Q i ), where adj is the adjoint operator, and the dual conic is defined by C * if = adj(C if ) [19] . Considering that the dual conic C * if , like the primal one, is defined up to an overall scale factor β if , the relation between a dual quadric and its dual conic projections C * if can be written as:
In order to recover Q * Then, let us arrange the products of the elements of P f and P f in a unique matrix G f ∈ R 6×10 as follow [20] :
where ⊗ is the Kronecker product and matrices D ∈ R 6×9 and E ∈ R 16×10 are two matrices such that vech(X) = D vec(X) and vec(Y) = E vech(Y) respectively, where X ∈ R 9×9 and Y ∈ R 16×16 are two symmetric matrices 2 . Given G f , we can rewrite Eq. (1) as:
Stacking column-wise Eq. (3) for f = 1 . . . F , with F ≥ 3, we obtain:
where 0 x denotes a column vector of zeros of length x, and the matrix M i ∈ R 6F ×(10+F ) and the vector w i ∈ R 10+F are 1 The operator vech serialises the elements of the lower triangular part of a symmetric matrix, such that, given a symmetric matrix X ∈ R n×n , the vector x, defined as x = vech(X), is x ∈ R g with g = n(n+1) 2 . 2 The operator vec serialises all the elements of a generic matrix. defined as follow:
where
contains the scale factors of the object i for the different frames.
Since the object detector can be inaccurate, it makes sense to find the quadricw i by solving the following minimisation problem:w
where the equality constraint w 2 2 = 1 avoids the trivial zero solution. To solve this minimisation problem the first step consists in computing the SVD on theM i matrix. The solution is then given by the right singular vector associated to the minimum singular value.
LfDC: Adding additional constraints on the centres
As seen previously, moving to the dual space allows an efficient linearisation of the problem. However this implies a drawback: the algebraic minimisation in Eq. (6) does not enforce the obtained quadric to be a valid ellipsoid. In such cases, the axes lengths can be negative, or the quadric parameter encoding the centre become meaningless e.g. their reprojection can be located outside the reprojected conic. Rather than constraining directly the solution to lie in the ellipsoid parameter space, our proposal is to add equations which will discourage these degenerate solutions. To that end, we used the fact that the reprojection of the centres can be included in the cost function, and take the approximation that these reprojections should match the centres of the observed ellipses. As we will show now, this can be done by adding additional rows in the matrixM i used in Eq. (4).
First, let us write the expression of generic vectorized dual conic c and quadric v:
T contain respectively the centres of the ellipse and the ellipsoid. The orientation and the axes lengths are included through the c i variables for the conics and the q i variables for the quadric 3 . This formulation shows us the interesting fact that the centre parameters of the ellipsoid appear separately in linear terms in rows 4, 7 and 9. The same fact holds for the vectorised conic in rows 3 and 5. We can use this fact to directly include the equations which enforce the ellipsoid centres to be projected in the centres of the ellipses. Given a frame f and an object i, the corresponding equations are:
while the matrix G 
where each value p ij corresponds to an element of the camera matrix P f used in equation Eq.( 1). These equations are included in the system of Eq. (4) by replacing the matrix M i byM i such that:M
where the matrixM i ∈ R 8F ×(10+F ) is defined as follow:
The solution of this new system can then be obtained with the SVD of theM i matrix as done for the minimisation problem described in Eq. (6).
One limitation of our method is that the underlying assumption that the centre of the ellipsoid is reprojected on the centres of the ellipses is not always verified. Intuitively, the cases where this approximation is getting coarse correspond to elongated ellipsoids in strong perspective conditions i.e. the size of the ellipsoid is non negligible with respect to its distance from the camera. The opposite case corresponds to quadrics which are similar to a sphere or which have their main axes parallel or orthogonal to the optical axis. A consequence is that LfDC tends to produce more spherical shaped quadrics than LfD.
EXPERIMENTS

Experimental protocol
We provide experimental evaluation for the ScanNet dataset [21] which consists of 1513 indoors RGBD scans including Fig. 2 . Evaluation in terms of O 3D accuracy, translation and axes length errors for the LfD [7] method and our proposed approach LfDC.
3D camera poses, surface reconstructions, mesh and 2D and 3D segmentation related to over a thousand object categories. We construct a 3D ground-truth (GT) by fitting ellipsoids at each object mesh. Object 2D region bounding boxes are also computed by projecting each object point cloud into the images. Such bounding boxes are created by fitting a box that encloses all the 2D points. We then extracted 1979 sequences from the overall dataset. It should be noted that these sequences are challenging for 3D reconstruction, since the recording of the room was naturally done by rotating the camera with limited translation baselines. In average, the angle spanned by the camera trajectory, is 4.3
• . As evaluation metric, we use the 3D volume overlap O 3D , the translation and axis length errors. O 3D is the intersection over union between the proposed and the GT quadrics. The error on the translation is the Euclidean distance between the centres. The error on the 3 axes length is given by considering them as vectors and taking their Euclidean distance. In order to compute this last term, we calculate the errors between every possible alignment between the proposed and the GT quadrics and report the minimum error obtained. Results are provided after using the preconditionning proposed in [7] .
Results on ellipsoids estimation
We run the original LfD method [7] and compared it with our approach. On the 1979 sequences, we measured that only 48% of the quadrics estimated by LfD are valid ellipsoids. This number rises up to 60% when we use our LfDC method. This validates our initial hypothesis that the additional equations are useful to avoid non-valid quadrics. In the following paragraphs, we evaluate the accuracy of the ellipsoids by considering only the ones who are found valid by both methods.
One of the main limitations of LfD is the sensibility to the baseline. In such conditions, a small inaccuracy in the bounding boxes can have dramatic consequences. To study this effect, the error and accuracy values are plotted in function of the maximum angle spanned by the camera during the sequence where the object is recorded. The plots corresponding to our three metrics are shown in Fig. 2 .
We can see that the proposed method outperforms the previous LfD method in terms of the three metrics: volume overlap, translation and axis length error. The constraints on the centres are beneficial to improve on these three aspects since the solution is still computed globally for all the quadric parameters. Secondly, we observe that the improvements are more important in case of a low baseline. The fact that LfDC favours more spherical ellipsoids is generally beneficial since the ones produced by LfD tends to be too elongated. A second reason could be that the accuracy of the 3D centres is increased thanks to the amount of information brought by these additional equations. These two advantages bring to our method a greater robustness to noise. Fig. 1 shows a qualitative results from a five image sequence with a baseline of 4
• . On the top row, we can see that the two methods obtain similar reprojected conics which fit very well the contours of the bounding boxes. However, the corresponding ellipsoids are very different. This illustrates the ambiguities created by a small baseline. It is very difficult in this case to find the correct ellipsoids based only on the reprojection of the ellipses. On the other hand, we can see that the centres are reprojected in different areas. This difference enables our method to select a more accurate solution.
CONCLUSION
In this paper, we proposed a fast and simple solution to obtain 3D location and occupancy of objects given their detection in multiple images. We improved the recent LfD method by adding constraints on the reprojection of the ellipsoid centres. Experiments shows that this prevents the quadrics from being non-valid ellipsoids and avoid dramatic failures, especially in cases of low baselines.
The method could be further improved by including non negativity constraints in the quadratic components of the centred quadric. Although this implies a more complex nonlinear optimisation, this is appealing since it does not require a specific object knowledge. Lastly, the recovery of remaining non valid ellipsoids could be carried out thanks to a projection to nearest symetric definite positive matrix.
